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ABSTRACT

The sound scattering due to an ambient noise field. approx-
imated by a squared cosine function, is considered for infinite
rigid and elastic cylinders and rigid spheres. For the cylinders, it
is assumed that the acoustic wave front is parallel to the axis of
the cylinder (normally incident). For this assumption, a closed
form expression for the scattered sound field-to-incident ambient
noise field (signal-to-noise) ratio is obtained not only for the co-
sine squared directivity, but for any arbitrary directivity which
can be expressed in terms of a Fourier series. For the sphere, it
is assumed that the noise is circumferentially symmetric which
leads to a closed form expression for the signal-to-noise ratio due
to a cosine squared directivity.

ADMINISTRATIVE INFORMATION

This work was carried out under joint funding from the Acoustic Measurement Facility

Improvement Program (AMFIP) and the Office of Naval Research (ONR) Exploratory Devel-

opment Program. The work was carried out at the Carderock Division of the Naval Surface

Warfare Center during January 1992 to September 1992.

INTRODUCTION

The ambient noise of the sea! is generated by steady noise sources, such as surface winds,

wave interactions, and distant ships as they transit shipping lanes, and by transient sources,

such as rain and the calls of marine animals. Although steady sources persist for extended

periods of time, their variability leads to the randomness of the ambient noise. Intermittent

or transient noise sources also contribute to this variability, but cause greater uncertainty in

expected noise levels since their occurrences are less predictable. Since the ambient noise is

caused by a variety of sources, its characteristics change throughout the frequency spectrum,

with different sources becoming dominant contributors. Different characteristics are also ob-

served at different locations. For instance, tidal currents are more pronounced in coastal waters

than in the center of the ocean. In addition to frequency and location, the noise characteris-
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tics are affected by changes in sound transmission conditions such as those caused by seasonal
changes.

Even though there are a wide variety of sources which can create ambient noise. the two
primary contributors are surface noises created by winds and distant shipping noise. We con-
sider frequency ranges high enough that contributions due to shipping noises can be ignored
since they exist at much lower frequencies. It has been shown that surface noise contributions
extend over a wide range of frequencies and on average are circumferentially symmetric and
well approximated by a cos? § distribution.? Since the contributions from the surface exceed
those from the sea bottom, the noise field will be directional.

The ambient noise field may be thought of as a source which, when incident upon targets
such as cylinders, will cause a scattered pressure field. There are two primary concerns about
this scattered ambient field. If the scattered pressure is distinguishable from the ambient noise
source, it may be possible to use the noise field as 2 means of imaging the targets.® The other
concern is the effect that the ambient noise scattering may have upon the measurement of these

canonical scatterers in scientific experiments.

MATHEMATICAL FORMULATION

The mathematical formulation of the problem begins with a few basic assumptions; mea-
surements are made in a small frequency range and the linear principle of superposition can
be applied. Keeping these criteria in mind, the pressure, p,, at position R due to an ambient
noise distribution can be expressed as a superposition of plane waves, P; exp[itk-R]. Each plane
wave has its own propagation direction and amplitude P;, but they share the same wavenumber

k. Therefore, p, (R) can be expressed as

pv(R) = [ P.(@)explik'R] a2, (1)

where P, (') is the pressure amplitude with angular dependence expressed in the appropriate
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coordinate system, k' is the vector wavenumber in the direction of propagation. and d$2’ repre-
sents a solid angle integration for the coordinate system.

The scattered pressure from a surface excited by an incident plane wave of amplitude P,
may be formally expressed as P;G(R; ') where G is the impulse response function or Green's
function for the surface. Applying the superposition principle, the scattered pressure, p, . at R

due to an ambient noise field is cast in the form

S}

p,(R) = / P, (Q)G(R; ' )ds". (2

The effects of the ambient noise can be determined by measuring the signal-to-noise ratio.

S/N, defined by

2

_ | PR) - py(R)
sy = [FE ] @
where
P(R) = pN(R) +ps(R) +P0(R)- (4)

is the pressure detected by the hydrophone at R in the presence of the target, p, (R) is the
pressure detected by the hydrophone in the absence of the target, p,(R) is the scattered am-
bient pressure due to the target, and p,(R) is any other observable pressure. The measured

signal-to-noise ratio is then

ps(R) +p,(R) |

pn(R)

S/N = (5)

If the contribution of the scattered noise is large enough, the ambient field can be used for pas-
sive imaging. Far from the scattering surface (i.e. kR > 1), the scattered pressure will dimin-

ish significantly as a result of geometrical spreading, and the other observable pressures can be
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well estimated by using Eq. 5. Yet if measurcments are made close to the scatterer. the scat-
tered noise and other observable noise may not be distinguishable so that the measurements
may not be statistically significant.

Since the signal-to-noise ratio is a quantity of interest, we square the expressions for p, (R)

and p,(R) to obtain
ey (R)? = // P, ()P (Q")exp|ik"R] exp[—ik"R] dQ'dQ", (6)

and

~1

p. (R = // P, ()P (2")G(R; 2')G*(R; ")d'dQ". (

Due to the randomness of the noise field, the mean square pressures, (IpN(R)}z) and (lps(R)lz>.
hold more physical meaning than a single measurement of p, (R) and p, (R). Applying this

averaging results in

(pw (BRI = [ (P ()P explikR] expl-ik"R] d¥a0" (8)
and

(PRI = [ (P(@)PIO@")GR; 26" (Rs 0")dvde” (9)
The term (P, (R')P;(Q")) can be expressed as a directivity function D(Q',Q") by

(P.(Q)P(Q") = |P. " D(2, Q"), (10)




where P, is a normalization factor. Applying this to Egs. 8 and 9 results in the signal-to-noise

ratio

[ DY, Q")G(R; Q)G*(R; Q")dQ'dQ"
] D(Y, ") exp[tk“R| exp[—ik"R] dQ2'dQ""

(S/N)g =

There are two simple directivity functions which do nout represent true ambient noise fields.

yet are still instructive. The first of these is
D.(, Q") =6(Q - Q,)6(Q" —Q,), (12)

which is the directivity for one incident plane wave propagating in the {¢, direction. The scc-

ond is
Diso(92,2") =D, (13)

which indicates no preferred direction and represents an isotropic noise field. A more practical
assumption used throughout this paper is that the noise field contains no correlation between

angles. This is equivalent to saying
DO, Q") = D(NH6(Y - Q"), (14)

which simplifies the signal-to-noise ratio to

_ [ DQ)G(R; Q)G*(R; Q') de’
(S/N)s - f D(Q')dQ' ’




CYLINDRICAL SCATTERERS
INFINITE RIGID CYLINDER
In cylindrical coordinaics, & wave traveling perpendicularly to the z axis in the direction ¢

with amplitude P; can be represented by*5

Pinc( R, 8,¢') = PiexplikRcos(¢' — ¢)]
o o 16)
=pi§:imuw3kmw-w, (16)

n=—-—-oo
where (R, ¢) is the location of the receiver, k is the wavenumber, and J, is the n'* order cylin-

drical Bessel function. When an infinite rigid cylinder of radius a is excited by a normally inci-

dent plane wave, the scattered pressure is given by*

, SN AL in(6—
PR S) = =P Y g Hn(kR 9, ()

n=-—0oo

where H, is the cylindrical Hankel function of nt* order and the primes on the Bessel and Han-
kel functions represent differentiation with respect to the arguments of these functions.

When more than one normally incident plane wave excites this cylinder, the principle of
superposition can be exploited. With this in mind, the normally incident field representing a

spatially continuous noise field of amplitude P, (¢') is represented by
pu(d) = /PA(cf)’) exp[ikRcos(¢’' — ¢)]dQ'. (18)

The average incident pressure squared, (|P, (4)|*), due to this continuous noise source is then

3n/2 3n/2

2y ' " NN/l
() = [ o' [ ag"B.@)P16) o)

. exp[ikR cos(¢' — ¢)] exp[—ikRcos(¢" — ¢)].




In the same manner, the scattered pressure due to this continuous noise source is represented

by
(20)

L Jk
ps(¢)-—/P CADE H,(k“ Ho(kR)e'™®' =9 dq',

n=—oc

The average scattered pressure squared, (lps(¢)§2), is subsequently represented by

3«2 31r/2
(Ips ()17) / . / XA

5 g

n=--o0o

ot Jl(ka) T(kR)esr(.»"—fp)} ’

2 ["’H—Z@a—)*’

r=-—00

Define T, by

R (ka)
77 = in 2 k)

and define D(¢’, "), the directivity function associated with the noise field, by

(P (8")P1(8") = D(¢',6") |P,|. (23)

Using these definitions, Eqs. 19 and 21 simplify to

3n/2
(24)

2 3x/2
(IPN(¢2)| ) - / d¢' d¢>"D(¢',¢") exp[ikR(cos(qS' - 8)— COS((}S” _ ¢))]
|7 -x/2 J-n2

and

In/2 Ir/2 R R. ’ N
([ps(¢)l ) / d¢' qu"D(q‘) d’") Z Z T m(¢ -—¢)e-—ar(¢ —9)

lP | ~x/f2 -~/ N~ 0O T== 00




respectively. The next assumption made is that the noise field is spatially uncorrelated so that
D(¢',¢") = D(¢')é(¢' — ¢"). (26)
Applying this to Eq. 24 yields

2 3r/2
(IP'NP—(—qlsg)l ) = / do'D(¢4") explik R cos(¢' — #)] exp[—ikR cos(¢’ — 8)]
1 -r/2

3n/2
= / do'D(¢").

—-x/2

(R
~1
~——

Applying Eq. 26 to Eq. 25 and interchanging the order of the summations and integrations re-

sults in
2 oo o0 . 3n/2 . ‘
(IP‘SIE?I ) _ Y S T e—s(n—r)¢/ / D(¢")ein=%' gy (28)
1 n=-—00 r==00 —*/2

INFINITE ELASTIC CYLINDRICAL SHELL

The scattered pressure from an infinite elastic cylindrical shell excited by an incident plane

wave propagating in the direction ¢’ is given by*

n_ _p. —~ -an(kR) t 2pc in(¢' —¢)
pse(¢a¢)“ P"lc z t H,’,(ka) ['In(ka)_ (Z,,+z,,)7rkaH£,(ka) € ' (29)

The modal structural impedance Z, is defined by

ipecp h Qf — Q%1+ n?+ f%nt) 4 f2nS
Zn=_ QP';' Q2_n2 4 (30)




where h/a is the thickness to radius ratio, 3° = (h/a)%/12 is a nondimensional thickness pa-
rameter, = wa/c, is a nondimensional frequency parameter, ¢, is the compressional wave

speed, and p, is the density of the structure. The specific acoustic impedance z,, is defined by

. Hgp(ka)
z"_zch:,(ka)’ (31)
where p is the fluid density.
By defining T: to be
e G Hu(kR)[,, 2pc o
In =t H!(ka) Inlka) = (Zn + 2p)7kaH! (ka) ]’ (32)

Equations 27 and 28 of the rigid cylinder case may be used for an elastic cylindrical shell by
substituting T: for T: . In the formulations to follow, T, will be used to represent T : and T: ,

resulting in generalized equations.

GENERAL DIRECTIONAL DIRECTIVITY

We will assume that the noise is normally incident on the cylinder so that the directivity
function in cylindrical coordinates is dependent only on the angle ¢. Although this is not the
most realistic case, it is a solvable problem and serves as a first estimate. A general directional
directivity function of this sort, D(¢'), can be expressed in terms of its Fourier series expansion

as

Z ame'™? -n/2<¢' <n/2
D(d)=q " (33)
D bme™*, m/2< ¢ < 3n/2,

Mz =00




where a,, and b,, are the Fourier series coefficients which are determined for the ambient field

of interest. For this directivity function, the average noise strength becomes

<IIII):ll - am_/_x/z el + z ./

m=-—oo m=-—0QC

and the average scattered field yields

== T —00 m=-—oG

+Zb/

m=-—o

In Eq. 35, T, represents either T: or T: , depending upon the case of interest.

(:isi;) - i i TnT:e—i(n—-r)qb[ E.o: am//
I

'm¢‘d¢',

ei(n—r+m)¢’d¢l

n/2

Upon the simplifications of Appendix B, these expressions become

=m(ao+bo) +2 Y (am—bm)

m=—0o0

m

and

) \; (am + bm)e™® Z Y i

ma=-=00 N=w-00
(e o] [+ o} [e o]
+2 ) (am—bm) D D TaT?
m=—o0 nZ—=00 r<—00

e—i(n-—r)¢(__1)(n—r+m—l)/2

(__1)(m-1)/2

6m,odd

(n=r+m)

Isotropic Noise Field

/2
el(n-—r-{-m)qp déljl .

5n—r+m,odd .

(34)

(35)

(36)

(37)

An isotropic noise field is one in which the noise is evenly distributed in all directions. The

directivity, Diso(@’'), is therefore a constant so that the Fourier series coefficients are ag = by

10




and am = bm =0 Vm > 1. The resulting isotropic noise field is given by

(lpn |2>iso

P |2 = 271ag (38)
1

and the isotropic scattered field is given by

2 . [=]
——(h; le I);"’ = 2ray Z T.T:. (39)
4

n=—oo

Since the incident field is independent of angle, the scattered pressure is also angularly inde-
pendent which is seen in Eq. 39. The signal-to-noise ratio resulting from an isotropic field is

subsequently

{lps*)iso .
= ToTy.
(Ipn 1*Yiso g‘_:m (40)

Cosine Squared Directivity

An example of a physically significant directivity is one which can be represented as a di-
rectional cos? ¢ function.? The directivity function in cylindrical coordinates is thus prescribed

by

n_ Ja+Bcos?d’, —rnf2< ¢ <n/2
D(¢)_{a+70032¢", 7/2< ¢ < 3n/2. ()

The Fourier coefficients for this specific field are ag = a + 8/2, a_; = a; = §/4,
bo = a +v/2, and b_, = b; = v/4. Applying these coefficients to Eq. 36 yields

(Ipnlz) = n[2a + (B +7)/2) (42)
1P, e

11




Applying the same coefficients to Eq. 37 yields

(Ips”) _ e
(20 +(B+7)/2] Y TaTs

lPI |2 B N2 OO
w . .
+7(B+7)/4 Y [¥TuTryy +e 2T, T ;)
n=-oo (43)

o0 o0
—(B=-m/2 D D TuTre in=n(_p)ln=r=f2

nN=—00 r=-—00
1 2 4 1 5
(n—r—-2) n—-r (n-—r+2) n-redd;

resulting in a signal-to-noise ratio of

(psI®) _ i .77 4 Pt i [€2TaTy s + e 29TuTs_,)
Upu®) = """ 2ta ¥ B+ =, "
B~ - —i(n—r)é( _1)(n=r=1)/2
_ ] {n—r —1)in—r 44
7(4a + B +7) 2 ) T (=1 .

n=—00 r=-—0o0
1 2 + 1
(n=r-2) n-r (n-r+2)

] bn—rodd -

Note that the first term of the right hand side of this equation is just the signal-to-noise ratio

of the isotropic field.

NUMERICAL SIMULATIONS

Measured values of a surface directivity led to a, 8, and v values of 0.33/75.4, 1.0/75.4,
and 33.0/75.4 respectively.® Our numerical simulations were carried out using the MATLAB
program cyl.inf_rig.elas which can be found in Appendix F. These simulations are for ka val-
ues of 5, 20, and 40 respectively and kR values of 16ke and 32ka which represent experimental

measurement distances.

12




Before performing numerical simulations on an elastic cylinder, the impedance term of

Eq. 32 is expressed in terms of the non-dimensional variables a/k. c/c,, and p/p, so that

TF = i"% J' (ka) + %}f—;—g—;% : (45)
where

No(2) = (@ — n?), (46)
and

Do() = Ha(ka)AQ? — n?) — %%%H,',(ka) Q! - Q%1 +n? + B%n%) + ﬂ%ﬁ]. (47)

For our simulations, the non-dimensional variables were given values of a/h = 100, ¢,/c = 3.5,
and p,/p=17.5

Since we deal mainly in target strength, we have plotted 10log|[(|p,|?)/ (Ipx )] with respect
to angle for infinite rigid cylinders and infinite elastic cylindrical shells. In
Figs. 1, 2, and 3, all solid lines indicate rigid results while all the dashed lines indicate elastic
results. For each figure, the outer pair of curves is the function evaluated at
kR = 16 * ka, while the inner set of curves is an evaluation at kR = 32xka. For high ka, the de-
crease in horizontal scattering (¢ = —7/2 and ¢ = 7/2) becomes more pronounced and in both
the rigid and elastic cases, the foward scattering from ¢ = 0 is greater than the backscattering
from this direction. In a comparison of the elastic and rigid scattering, the foward scattering is
more dominant in the elastic case for small ka. In each figure it is also seen that the difference
between the 16 ka case and the 32 ka case is on the order of 3 dB as would be expected when

comparing cylindrical scattering at distances which differ by a factor of two.
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SURFACE

Fig. 1. 10log[D(¢)] for the cosine squared directivity function with «, 3,
and v values of 0.33/75.4, 1.0/75.4, and 33.0/75.4 respectively.
¢ indicates the direction of propagation (solid) and the direction
from which the wave comes (dashed). The center of the plot indi-

cates the axis of the cylinder.
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SURFACE
$=0

“.
*e h .
. . . .
. .
. “ .
.. .

Fig. 2. 10log[{lps|®)/{Ipy|*)] for infinite rigid cylinders and elastic cylin-
drical shells evaluated at ka = 5. The outer solid(dashed) line
corresponds to the rigid(elastic) result for kR = 16 * ka. The in-
ner solid(dashed) line corresponds to the rigid(elastic) result for
kR = 32 x ka. The center of the plot indicates the axis of the

cylinder.
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SURFACE

ce.

Fig. 3. 10log[(lp, |?)/(lpy [*)] for infinite rigid cylinders and elastic cylin-
drical shells evaluated at ka = 20. The outer solid(dashed) line
corresponds to the rigid(elastic) result for kR = 16 % ka. The in-
ner solid(dashed) line corresponds to the rigid(elastic) result for
kR = 32 * ka. The center of the plot indicates the axis of the
cylinder.
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SURFACE

""""""""""

“a.
e
>

Fig. 4. 10log[(lp,|?)/{lp, |*)] for infinite rigid cylinders and elastic cylin-
drical shells evaluated at ka = 40. The outer solid(dashed) line
corresponds to the rigid(elastic) result for kR = 16 * ka. The in-
ner solid(dashed) line corresponds to the rigid(elastic) result for
kR = 32 x ka. The center of the plot indicates the axis of the

cylinder.
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RIGID SPHERE
The incident pressure, pin., in spherical ~oordinates for a plane wave propagating in the

positive z direction is given by*-®

Pinc(R,8) = P;explikR cos 6]

o0 48
= P; Z(zn + 1)i" Py(cos 8)in(kR), 1)

n=0

where P; is the amplitude of the wave, and (R, ) indicates the location of the observation point
with 6, the azimuthal angle, measured from the positive z axis. P, is the n'* order Legendre
polynomial and j, is the n** order spherical Bessel function. Since the wave is propagating in
the z direction, there is no circumferential angular dependence. The scattered pressure, p,, due

to this incident wave striking a rigid sphere of radius a is

Pa(R,6) = —F: }_(2n+1)i"Pu(cos) Z((ia))

n=0

hn(kR), (49)

where h, is the n** order spherical Hankel function, and the primes indicate derivatives with
respect to the arguments.

For a general result we consider a plane wave propagating in the (8', ¢') direction which is
viewed from the (6, ¢) direction where ¢ and ¢’ represent circumferential angles. Let v indicate
the angle between the two directions given above. The relation between ¢ and the other angles

1S

cos ) = cosf cos§' + sinfsin 6’ cos(¢ — ¢'). (50)

The angle ¢ now replaces the @ of Eqgs. 48 and 49 so that the Legendre polynomials become
P,(cos ) rather than Pp(cos§). Applying Eqgs. 3 to 5 of Appendix A to P,(cosv) changes the

18




general incident and scattered pressures to

Pinc(R,0,0,0',¢') = P;explikR(cos 8 cos b’ + sinfsin b cos(c — ¢"))]. (51)
and

Ps(R,6,8,60',¢') = —=P. Y Y emxr..nP(cos8)P7(cos8') cos[m(p — ¢')] (

32)
n=0 m=0
respectively. Xm n is defined to be to be
_ (n—m)!
Xn,m "(2n+1)(n+m)! T, (53)
where T3 is defined in terms of spherical bessel functions as
-
75 = ndnlka), ooy (54)

"7 ki(ka)

in the same manner as the rigid cylindrical case. ¢, indicates the Neumann function defined in
Eq. 77 of Appendix A. From this point we suppress the S superscipt.

Equations 51 and 52 are the incident and scattered pressure due to one plane wave. As in
the cylindrical formulation, the principle of superposition is used to generalize to the situation

of a spatially continuous noise field. The continuous incident and scattered pressure become
pa(6,¢) = / P, (0',4") explikR(cos 8 cos @' + sinfsin ' cos(¢ — ¢'))]}dQY’ (55)

and

Po(8,8)= = [ P(8.6) D" 3 emxnmPR(cosd)PD(cos) coslm(d ~ )4, (56)

n=0 m=0
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where the solid angle integration df2' is given by dQ' = sin6'df'd¢’ and P, (6', ¢') is the direc-
tional amplitude for the wave. The average incident pressure squared at any point is indicated

by

T 27 T a2
{lp~ (8, ¢)!2> = / / sin §'dé'd¢’ / / sin§"'d9"d¢" (P, (¢, QS')P:(G”‘ é")
0 Jo 0o Jo

. explikR(cos 6 cos §' + sin 8sin 8 cos(d — ¢'))] (57)
- exp[—tkR(cos @ cos 8" + sinfsin 8" cos(¢ — ¢"))].
Similarly the average scattered pressure squared at any point is indicated by
® p2m T 27
(lps (8, 0)I%) =/ / sin 9'd0'd¢'/ / sin §"d6"d¢" (P, (8',¢")P1(6", "))
o Jo o Jo
e =] n
: Z Z €mXn,mPp'(cos ) Py (cos ') cos[m(¢ — ¢')] (58)
n=0 m=0
o J
. Z Z e;,-x;,ka(cos B)ij(cos 6") cos(k(¢p — ¢"')).
1=0 k=0
Let the correlation between the pressure amplitudes be defined as
(P,(6,¢")P;(6",4")) = |P,|’D(6',¢',6",4"), (59)

where D(6',¢',0",¢") indicates the directivity function associated with the noise field. As in
the cylindrical case we assume that the pressure fields from different directions are uncorrelated
so that the directivity function reduces to
5(6' — 8" 1 an
D(gl, ¢I, e", ¢H) - D(O', ¢')6(X) — D(01,¢I) (6 6 )6(¢ ¢ ) (60)

sin 8’
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Applying these definitions to Eqs. 57 and 58 yields

2 ”w 21\'
(tp,vl(}f,!f)i ) _ / / sin 6'd6'dé'D(6', &')
g o Jo

-explihR(cos B cos 8’ + sinfsin b’ cos(¢ — ¢'))]

- exp[—ikR(cos 8 cos 8’ + sinfsin b’ cos(¢ — ¢')))

T VE.4
- / / sin 8'd6'd¢' D(6', &),
0 0

and
9 ¢ 2 o i = J m
(IPS’P 12)[ Z L Zzemfk)(n mX3, 3P (cos8)P \COSG)I(TI. m, 5. k),
n=0 m=0 y==0 k=0
where

T op2m
I(n,m,j,k) = / dd'd¢’ sin §' P*(cos 9')ij(cos D6, ¢')
o Jo

- cos[m(¢ — ¢')] cos[k(¢ — ¢')].

CIRCUMFERENTIALLY SYMMETRIC DIRECTIVITY

(61)

{62)

In the case that the directivity is circumferentially symmetric, D(6', ¢’) = D(6'), the result-

ing average noise field is

{ipy (6, 45)'2) " N gl 1al
—W—--%r/ 'D(9)31n9d9.

(64)

After the simplifications of Appendix C have been made, the scattered pressure field reduces to

min[n,j]
(lps(R,é’;d’)l ) _ on Z Z(2n+ 1)(2 + DTaT] Y. Snjms
7] ¥ =

21
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where

(n=m)(j —m)!

Snam = em i i (cos )P (cos )] (n, m, j,m) (66)
and
Ig(n,m,j,k) = / sin 8’ P (cos 8') P (cos 8')D(6')d6'". (67)
0

For every pair (n,j), there is also a pair (j,n) which gives the same S, ;,m. However, T,,T; be-
comes T;T;. By introducing a change to the summation limits, the expression for the scattered

pressure becomes

2 oo n J
<:’;;:2) =733 (@n+ 1)@ + DITT] + T lecas) 3, Snom: (68)
I

n=0 ;=0 m=0

Cosine Squared Directivity
We define D(8') as we did in the case of the cylinder, but give it circumferential symmetry.

Therefore

a+Bcos?f, 0<6' <7/2

"N =
D(g) = {a-}-‘ycos’ﬂ', T/2<6' < 7. (69)
The average noise field for this directivity becomes
2 = /2 x
{len(&:A0) _ oy |4 / sin6'de’ + / cos? 8" sin 8'd8’ + 4 / cos? §' sin 8'dd"
| P, | 0 0 /2 (70)

= 21[2a + (B + 7)/3).
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After the simplifications of Appendix E have been made, the average scattered pressure be-

comes

P ]

+2x(B+7)- ¢

\
4

+21(8 —7) - S

\

(Ips1*) S
2 = 4na Yy (20 + V)T T,

n=0

-m+1)(n+m+1)! )

Z[T T Z emP™(c0s8)P7™(cos 9)

n=0 m=0 (‘) * 3) (n B m)'
4 Z{TnT'_g + Tn—2Tr:]
n=2
n-2 1 (n + m)‘
X Z emP,; ™ (cos §) P, (cos 9)(21’: ~1(n-m-=2)!

m=0

+ Z[T T Z em P ™(cos )P ™ (cos 6) é;::_";)) (n(f:z'?—)!l)!

m=0
o n-1 3

Z Z n+j,0dd Tn T; + T;T,) Z ém P, ™(cos )P ™(cosf)

n=1 j=0 m=0

(n=m+1)(j—m+1)Pas1j+1,m

oo n-—1

+ 373 bntj0adTnT; + T;T7) z €m P ™ (cos )P ™(cos 6)

n=2 j=1 m=0

c(n=m+1)j+ m)Pas1j-1,m

oo n-—1

+ 3 bntj0ddTaT] + T;T5) }: em Py ™ (cos 8) P ™ (cos 6)

n=1 j=0 m=0

(n+m)j-m+1)Pac1jt1,m

oo n-—1

+ 3D batjoddTuT; + T;T3) Z €m Py ™(cos 6) P ™ (cos 6)

n=2 y=1 m=0

* (n + m)(] + m)pn—l,j—l,m- J
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Dividing Eq. 71 by Eq. 70 yields the proper expression for the signal-to-noise ratio for a cir-

cumferentially symmetric cosine squared directivity.

NUMERICAL SIMULATIONS

As with the cylinders, we have plotted 10log[(|p,|*)/(|py |%)] with respect to azimuthal an-
gle for a rigid sphere in a circumferentially symmetric noise field. We use the samecoefficients
of the cosine squared directivity so that o = 0.33/75.4, 8 = 1.0/75.4, and v = 33.0/75.4. it
should be noted that these values of a, £, and v result in a normalized noise condition which
reduces Eq. 70 to unity. Our numerical simulations were carried out using the MATLAB pro-
gram sph_rig_dir which is in Appendix F. The simulations are for ka values of 5, 20, and 40 re-
spectively and kR values of 16ka and 32ka.

In Figs. 4, 5, and €, all solid lines indicate the function evaluated at kR = 16 * ka while
dashed lines indicate an evaluation of the function at kR = 32 * ka. For high ka, the decrease
in horizontal scattering (§ = w/2)becomes more pronounced and the foward scattering from
0 = 0 is greater than the backscattering from the same direction. In each figure it is also seen
that the difference between the 16« ka case and the 32xka case is on the order of 6 dB as would

be expected when comparing spherical scattering at distances which differ by a factor of two.

CONCLUSION
An expression was obtained for the signal-to-noise ratio due to scattering from an infinite
rigid cylinder or an infinite elastic cylindrical shell subjected to a normally incident ambient
noise field. This solution is applied to the specific case of isotropic fields and to the case of
noise fields which can be expressed by a squared cosine function. Similar methods were also
applied to obtain the signal-to-noise ratio due to the scattering from a rigid sphere subjected to
such a noise field with the assumption of circumferential symmetry.

The effect of the ambient field is to smooth the scattering function which results from a
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single incident plane wave. There is still a larger foward scattering than back scattering. but
the typical lobes observed from one incident plane wave are no longer distinguishable due to
the contributions from all the directions.

The limitations of these results arise from the assumption that the noise field in the cylin-
drical case is assumed to be normally incident to the cylindrical surface. It is expected that
similar procedures can be applied to obtain results for a more realistic situation. It is also ex-
pected that similar mathematical techniques can be applied to other directivity functions and

to the case of an elastic spherical shell.
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SURFACE

Fig. 5. 1010g[(|p3l2)/(|p,,, )] for a rigid sphere evaluated at ka = 5. The
solid line corresponds to kR = 16 * ka and the dashed line corre-
sponds to kR = 32 * ka.
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SURFACE

Fig. 6. 10log[(lp.1%)/{Ipy {?)] for a rigid sphere evaluated at ka = 20.
The solid line corresponds to kR = 16 * ka and the dashed line
corresponds to kR = 32 * ka.
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SURFACE

.t
.

e,

Fig. 7.

10log[{lps 12)/{lpx 1*)] for a rigid sphere evaluated at ka = 40.
The solid line corresponds to kR = 16 * ka and the dashed line
corresponds to kR = 32 x ka.
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APPENDIX A
MATHEMATICAL IDENTITIES

INTEGRALS OF ‘7

2r
/ e dg' = 26, o, (72)
0
®/2 , 2
/ eind d¢' = 11’5,,’0 + “(—1)(”—1)/2517,0&1 ) (73)
—xlz n
and
3n/2 , 2
/ i d¢' = 7.{5"'0 _ -(,_1)('1-1)/25",0‘“ . (74,
n/2 n

PROPERTIES OF ASSOCIATED LEGENDRE FUNCTIONS?

Pp(costp) = Pp(cos 8 cosb' + sinfsin ' cos(¢ — ¢'))

= n—-m) __ m (75)
= Z emz(?l?n-s)-!-Pn (cos @) P (cos 6') cos{m(¢ — ¢')],
m=0
where P are the associated Legendre functions defined by
m m 2\m/2 am
P(z) =(-1)"(1 - 2%) Pu(2), (76)

dz™
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and €., indicates the Neumann function defined by

. = 1, if m=0;
™™ 12, otherwise.

PP (=z) = (~1)"""P(x),

Y omypmpong. 2 (ntm)
/_,P" @F @) = F Ty )i
m .-_1__ n—m m (r n+m)P" ., (z
zPl(z) = (2n+1)[( + )P () + (n+ m)P;L (2)],
and
m(n_m)! m —_ p—m
(-1) mpn (z) = P, ™(z).
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APPENDIX B
EVALUATION OF THE SCATTERED PRESSURE DUE TO A CYLINDER
IN AN AMBIENT FIELD WITH A GENERAL DIRECTIONAL DIRECTIVITY

The integrations of Eqs. 34 and 35 can be evaluated using Eqgs. 73 and 74 of Appendix A.

Applying these to Eq. 34 with n = m results in

2 oo (m-1)/2
-1
o) - 5 o (rtma s 2E0T5 L)

FA ..
o0
—1)m-1}/2
+ Y b (oma = 2 ) (52)
oo “1 (m—l)/2
= Tr(ao + bo) +2 Z (am - bm)L—)_m'——'ém,odd .
m=-0o

Applying the same equations to Eq. 35 with n = n — r + m yields

(lpslz) _ - - * —i(n—r)o
P IR Ve
I

n=—00 r=-—00

o) (_1)(n—r+m—-1)/2
* Z am (776n—r+m,0 +2 r+m 6n-—r+m,odd) (83)
m=-—oc n-

oo
-1 (n—-r4+m-1)/2
<+ Z bm (Wén-r+m,0“2( ) 5n—r+m,odd) .

n—-r4+m
m=-00

Using the fact that ép—r4m 0 = On—r,~m, Eq. 83 simplifies to

{lp |2) > im¢ —
sl=n Y (am+bm)e™ D TuTiyn

IPI |2 m=-=—00 n=—00
- 00 o0
+2 Z (am — bm) Z Z T,T; (84)
m=-—o00 n=-—00 r=-00
e-i(n»r)¢(_1)(n—r+m—l)/2
. (n T+ m) n—r+m,odd -
31
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APPENDIX C
EVALUATION OF THE SCATTERED PRESSURE FROM A RIGID SPHERE
DUE TO A GENERAL CIRCUMFERENTIALLY SYMMETRIC DIRECTIVITY

As a result of circumferential symmetry, I can be separated in the following manner.

I(n,m,j,k)=Ig:(n,m,j,k)-I¢:(m,k) (85)
where

Ig(n,m,j, k) = / sin §' P*(cos 9')Pf(cos9')D(0')d9' (86)

0
and
2x
Iy (m, k) = / cos[m(¢ — ¢')] cos[k(¢ — ¢')]d¢’. (87)
0

Rewriting the integrand of I'y(m, k) as

coslm(@ — ¢ coslk(9 — ¢")] = 3 3 ¥t (89)
£
where
£= {m+ka _(m+k),m"ka "(m"k)} (89)

and applying Eq. 72 of Appendix A yields

2
Iy(m, k) = %Zei“ /o e~ dg’
§

(90)

(S(m+8),0 + 6—(m+k),0 + S(m—k),0 + 6—(m—k),0)

)

= M(6m 00k,0 + Om k).
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Therefore, for a circumferentially symmetric noise field, the scattered field from a rigid sphere is

obtained by applying this separation to Eqs. 62 and 63. The result is

8 Ri 9’ 2 Ko = * ‘
{lp (Ip |2¢)| ) =7 Z Z Xn,0X ;,0Pn(cos 8)Pj(cos 8)I¢(n,0,5,0)
1 n=0 y=0

co oo min{n,j]

+73 D ) xnmXimPr(cos8) PP (cos) g (n,m,j.m)  (91)

n=0j=0 m=0

co min{n,j}

o0
=213 3" Y emxnmX]mPi(cos8)P(cos0)Ia(n,m, j, m).

n=03=0 m=0
Rewriting this in terms of T,

min{n,j)

R,6,4)|’ SR _
(Ips( 2¢)| ) _ o Z Z(zn +1)(2j + VTaT} Z Snj.m: (92)
IPI' n=0 §=0 mz=0
where
—m)! (j — m)! .
Sn.jm = €m EZ n Z;, 8 - :;'P,:“(cos 8)PJ"(cos 6)Ip(n, m, j,m). (93)
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APPENDIX D

INTEGRATION OF TWO ASSOCIATED LEGENDRE FUNCTIONS
OVER AN ARBITRARY RANGE CONTAINED IN [-1.1]

Consider the integral®

1
| Pr@pp@ = 2 T
1

M+ 1(n—m) ™"

(94)

where m < n and m < j. This is a well known integral, but when the integration limits are

different, the integration is not as easily determined. Therefore, we have derived an expression

for general integration limits.

The Associated Legendre functions satisfy the differential equation®

m
(l_xZ)yll_zzy'+{n(n-§-1)—1.—1‘2} ={

which is equivalent to

d 2 1 m
2;{(1—x )y}+{n(n+1)—- 1_x2}y-0.
Multiplying by (1 — z?) and substituting P, and P/* for y, Eq. 96 becomes
(1-29)L {(1 - xZ)P’"’} +{1-2)n(n+1)-m} PP =0
dx n n

and

(1 -2 {1 - )P+ {a - DiG + 1) - m} PP =0,
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(97)



where the primes indicate derivatives with respect to z and the argument, x, of P;" and P is

suppressed. Multiplying Eqs. 97 and 98 by P[" and P;" respectively yields

(1- 1‘2)(;1 {(1 - 2P } ™+ {(1-zYa(n+1)—m)} PPP" = (99)

(1- zﬁ')% {(1 - z’)P;“’} PP+ {(1-2Y)ji+1)-m} PP =0. (100)

When j aad n are different, we subtract Eq. 100 from Eq. 99 and factor the (1 — r?) term to

obtain
d 2Pm' P™ d 2y pm' P™ = {i(i pmpm
—{a-anpry Pr - Z {1 -)PP} PR = (G +1) = n(n+ D} PPRY.(10D)

An application of the chain rule to the quantities (1 — zz)P(',':: (@G o) (z) yields

d ) d m m pm’

- {(1 — z2)PT P;"} = PP {(1 — z2)Pr } +(1-2?)P P] (102)
arnd

d 2\pm pm' m d 2\ pm’ 2\ pm' pm’

a{(l—x)PnP,- }=Pnd—z{(1—x)P,- }+(1-x)P,. 2.8 (103)

Upon subtracting these equations we obtain

...E.l. _ 2ypm' pm _____ a2 mpm
z{a-=rrp, }d = {0-m (104)
it {a-strr) -7
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Substituting Eq. 104 into Eq. 101 yields
d 2 m' pm m pm' -0 . m pm
= {(1 ~2?)|P P — PP }} ={j(j +1) = n(n + 1)} P"P]. (105)

Integrating this equation over the interval [a,b] which is contained in the interval [~1, 1] yields

Py @P(@) - PR PR @),

—Z (106)
G+ 1) —=n(n+1)

b
/ Pl (z)P"(z)dz = (1 - z?)

as a general expression for the integral of the product of associated Legendre functions. When

a =0 and b = 1 this reduces to

Y iy pm _ [P™(0)P (0) — P (0)P(0)) )
/0 P (z)P["(z)dz = j(j+1)—n(n+1)J (107)

It should be noted that this integration is truefor m < nand m < j. If m > norm > j, then
the integral is zero. It should also be noted that when n = j, Eqs. 99 and 100 are the same. If
they were subtracted to obtain Eq. 101, the resulting equation would be 0 = 0. Therefore when
n = j the integral must be evaluated in a different manner.

The integrand of Eq. 94 is even so that

1 (n+m)

1
/o PP (z)P;(z)dz = mti(n—m) (108)
Also, for n # 3 Eq. 94 can be rewritten as
1 o
/ PP (x)PMz)ds = [1 + (<1)"] / P (z)PI"(z)dz = 0. (109)
-1 0
Therefore when n + 7 is an even number
1
/ Pr(z)PP"(z)dz = 0. (110)
0
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Using these facts, Eq. 107 can be rewritten more precisely as

! 1 (n4+m)
m m = ] ] n+3,0 mnYm,j» 111
/; Pl (z)P(z)dx (2n+1)(n—m)!6""Um’"+P""’m6 +7,0ddUm nUm ; (111)
where
P™(0)P™(0) - P™ (0)P™(0)
Pnjm = OF )_ TR (112)
iG+1)—n(n+1)
and
1, I<m< M,
Um,m = {0, otherwise. (113)
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APPENDIX E
EVALUATION OF THE SCATTERED PRESSURE FROM A RIGID SPHERE DUE
TO A CIRCUMFERENTIALLY SYMMETRIC SURFACE NOISE DIRECTIVITY

Applying Eq. 69 to Eq. 67 reduces the integral term for the scattered pressure to

Ig(n,m,j,m) = a./ sin(6') Py (cos 8')P™(cos 8')d6’
0

nf2
| + ﬂ/ sin(6') cos?(6')P*(cos ') P[* (cos 6")d6'
| ’ (114)

| + ‘y/ sin(') cos?(6') P (cos ') P{"(cos 6')d6'
n/2
1 . 1
=a [ PR@PP(e)z +[8+ (-1 | #*Pr@pp@s
! =1 0
The latter expression is obtained using the substitutions z = cos(6'), dz = — sin(6')dé’, and ap-

plying Eq. 78 of Appendix A. For the first integration, apply the orthogonality relation of Asso-
ciated Legendre functions as given in Eq. 79 of Appendix A, and in the second integral, apply

the identity given in Eq. 80 to zP;*(z) and zP["(z). The second integral therefore becomes

/1 sz,',"(:c)ij(:c)dm =
0

3

¢ 1
(n=m+ 1) =m+1) [ PR @PR(e)de

1
+(n-m+1)y+ m)/ Pl (z)P2(z)dz (115)
1 0

@+ D+ D) |

+(n+m)j—m+1) / P (2)P7y(2)dz

1
| +ntm+m) [ PR@PRe)s
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In Appendix D it was shown that,

1 (n+m)t
2n+1)(n-—m) ™

1
/ P,',"(:t)PJm(a:)dz = Um,n + Pnj,m6n+j,oddUm,nUm,j- {116)
0

When this is applied to the integrations of Eq. 115, the second integral of Eq. 114 becomes

/l a:zP,:"(a:)ij(x)dx =
0

((n—m+1)(j —m+1)Pat1,j+1,mbn+54+2,0ddUm n+1Um j41 )

1 +(n—-m+ G+ m)Pn+l,j—l,m5n+j.oddUm.n+lUM.J'—I

2t DG+ D )

+ (n + m)(] -m+ 1)Pn—l,j+l,m6n+j,oddUm,n—-lUm,j+l

\ + (Tl + m)(] + m)Pn—l,j-l,m6n+j-2,oddUm,n—1 Urn,j-—l . /
(117)

((n—m+1)(j—m+1)(n+m+1)!(S U )
(2n+3) (n_m+1)| n+1, 741V m n41

_,,(n—m-i~1)(j+m)(n+m+1)!(S
N 1 (2n +3) (n-m+1)!
@t )@+ 1) | L ptm—m+1)(ntm—1)
@n—-1)  (n-m-1)

n+1,j-lUm,u+l

6n-—l,j+lUm,n-]

(n+m)(j+m)(n+m—-1)!5 U
\ (2n=1) (n=—m-1) "7 1Tme=l )

Applying this and the delta function identities 6,41, ;41 = 6n j, Ont1,j31 = Onx2,j, and
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5,,.,.]-*2’0,” = 5,,.,.]‘,044 reduces Iy to

(n 4+ m)!

Iol(n, m,j,m) =

[B+1]

Gn+1)2 +1)

(B — ¥]6n+j.0dd

Cn+1)(n-—m) ™

(G=mtDmtm+ ’
(2n n 3) (n — m)‘ nJjYmn+tl

G+m) (n+me+1)!
2n+3) (n-m)

+ 6n+2,;Um nt1

(j-m+1) (n+m)
2n—-1) (n—-m-1)!

+ 6n—-2,ij,n-1

(7+m) (n+m)!

(2n+1)(2j + 1)

{ t 2n-1)(n~m-— 1)!6"’1111"""—-1 J

{ + (n+m)(7 + m)Pa-1j-1,mUm n-1Um, ;-1

41

(n=m+1)[J-~m+1)Pri1j+1.mUma+1Um j+1 )
+ (n -m+ 1)(] + m)Pn+1J—1,mUm,n+1Um,j*l

+(n+m)J —m+1)Paoj+1,mUmn-1Um, j+1

(118)




Substituting this expression into Eqs. 66 and 68 yields

{lps (R, 6, ¢)‘ . (n—-m) __. m
PP = 4na Z(‘)n + )T, T, Z T m)’P (cos8)P(cos 6)
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n=0 =0
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) (= m) .
2 em :+Zg! (;+Z)!P" (cos 6)F;™(cos 6)

m=0
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(2n+3) (n-—m)!
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Note that whenever n + j is odd, €n—j = 2, (=1)"*/ = —1 and the limits n = [0, 00}, j = [0.7]
can be replaced by n = [1,00], j = [0,n — 1]. Using these identities, applying Eq. 81 of Ap-
pendix A to the B £ 4 terms, and applying Eq. 75 of Appendix A to the a term simplifies

Eq. 119 to

(ps) _ 4ra i(Qn + )T, T
P n
7

n=0

+7r[ﬂ+-y]ZZe(,,_J)[T T} + T;7,) Z €m Py " (cos )P ™ (cos b)

n=0 ;=0
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(2n+3) (n m) n,jVUmn+4l
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+ (2n+3) (n—-m)!

n+2,ij,n+l

J-m+1) (n+m)
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+ 6n-—2,ij,n-1

G+m) (n+m) (120)
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n=1 j=0 m=0
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Eliminating the delta functions and step functions yields an average scattered pressure of

(Ips |) -
22Ul = 4na Y (20 + 1T T,
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APPENDIX F
MATLAB PROGRAMS FOR EVALUATING THE AMBIENT
NOISE SCATTERING FROM INFINITE RIGID AND ELASTIC
CYLINDERS AND FROM RIGID SPHERES
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cyl inf rig elas

This program determines the scattering from an infinite rigid
cylinderand an infinite elastic cylinder due to a directional
ambient noise field described by the directivity

D(PHI) = Sum[a(m) exp(im*phi)]; -pi/2 < PHI < pi/2

D(PHI) = Sum[b(m) exp(im*phi)];  pi/2 < PHI < 3pi/Z2.
The above directivity function is a general fourier expansion,
and the program is written so that any directivity of this
form can be used. Specifically

D(PHI) = alpha + beta*cos (PHI)*2; -pi/2 < PHI < pi/2

D(PHI) = alpha + gamma*cos (PHI)"2; pi/2 < PHI < 3pi/2
is used. From this directivity function a(m) and b(m) are

a{0) = alpha + beta/2 a(2) = a(-2) = beta/4

b(0) = alpha + gamma/2 b(2) = b(-2) = gamma/4.

00 dC OO o 0P IO JO IR O° IO dO OO d° O° O do o ¥ o

‘

% ————FCOJURIER COEFFICIENTS———"

alpha = 0.33/75.4;

beta = 1.0/75.4;

gamma = 33.0/75.4;

mvec = [-2 0 2]): % m for nonzero coeff.
am = [beta/4 (alpha + beta/2) beta/4); % [a(-2) a(0) a(2)]
tm = [gamma/4 (alpha + gamma/2) gamma/4]; % [b(-2) b(0) b(2)]

apb = am + by

amb = am - b

g ————-WAVENUMBER VARIABLES-——-

ka = 20.0; % nondimensional wavenumber
kamult = [16 32]; % observation points are at
kR = ka*kamult; % one and two boat lengths

kRka = [kR(1) kR(2) ka]l;
numka = length (kRka);
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$ ———-BANGLE VALUES--——-
phimin = -pi/2.0;
phimax = 3*pi/2;

numphi = 201;

phistep = (phimax-phimin)/ (numphi-~1);

phi = phimin:phistep:phimax; % angle vector

§ ——— ELASTICITY CONSTANTS—=——-

ccp = 1/3.5; % c/cp —— sound speed ratio
rhosrho = 7.500; % rhos/rho -- density ratio

ha = 1/100; % h/a — thickness/radius ratio
Qmega = ka*ccp; % nondimensional freq. parameter
betasqr = (ha™2)/12;

% ——-—-PROGRAM PREPARATION-—==—-—

maxnr = 30; % sum to maxnr rather than inf.

maxm = max (abs (mvec) ) ;

iplusn (0+1) = 1;

for n = 1:maxnr+maxm
iplusn(nt+l) = i*iplusn(n);

end %$for n—1

imphi = i*mvec.'*phi;

einmphi = exp (irphi) ;

% —-——~BESSEL CALL-----

(J,dJ,Y,dY] = vIAJIYdY (maxnr+maxm, kRka); % J(n,k)=J(n,kR({k));
H=J+ i*Y; % J(n,numka) = J(n,ka)
dHka = dJ(:,numka) + i*dY(:,numka); % only need H' (ka)

% ELASTICITY TERMS——-~—-

for n = 0:maxnr+maxm
nsquare (n+l) = n"*2;
nfourth (n+l) = n*4;
nsixth (n+l) = n"6;
end $for n—2
an2n? = Quega”™2 - nsquare;
num = am2n2*2*i*ccp/pi;
denl = Qmega*H(:,numka) .*am2n2.';
den2 = ha*rhosrho*dHka/ccp;
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den3 = Qmega”4-Omega”2* (1+nsquaretbetasqgr*nfourth) +betasqr*nsixth;
den = denl-den2.*den3.';
elastic = num.'./den;

§ —~—---MATN PROGRAM-———-
for R=1:numka-l
coeffn r = iplusn.'.*dJ(:,numka) .*H(:,R) ./dHka;

coeffr r = conj(coeffn r);
coeffn e = iplusn.'.*(dJ(:,numka)+elastic) .*H(:,R) ./dHka;
coeffr e = conj(coeffn e);

sunlm r = zeros (phi);
sumlm e = zeros (phi);
for j = l:length(mvec)
m = mvec(J);
sum r = 0;
sum e = 0;
for n = -maxnr:maxnr
sumn_r = sumn_r + coeffn | r(abs (n) +1) *coeffr_r(abs (n+m) +1);
sum e = sum e + coeffn e(abs (n)+1) *coeffr e(abs (ntm)+1);
end %$for n—-3
sumlm r = sunim r + apb(j) *eimphi (3, :) *sumn_r;
sunlm e = smn:lm e + apb(j) *eimphi (j, ¢) *sumn_e;
end %for j—-1
sunlm r = pi*sumlm r;
sumlm e = pi*sunlm e;

sum2m r = zeros (phi);
sumZm e = zeros (phi) ;
for j = 1l:length(mvec)
m = mvec (j) ;
sumr_r = zeros (phi);
sumr_e = zeros (phi);
for n = -maxnr:maxnr
for r = -maxnrimaxnr
odd = (-1) " (n-r+m);
if odd = -1
enrphi - exp(-i* (n-r)*phi);
chinr r = coeffn r(abs(n)+l)*coeffr r(abs(r)+l);
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sumr r = sumr_r + (-1}~ ((n~r+m-1)/2) *chinr_r*enrphi/ (n-r+mj;
chinr e = coeffn e(abs(n)+1)*coeffr e(abs(r)+l);
sumr e = sumnr_e + (-1)" ((n-r+m-1) /2) *chinr_e*enrphi/ (n-r+m);
end % if--odd
end %for r—-1
end %for n--4
sum2m r = sum2m r + amb(J)*sumnr_r;
sunZm e = sumZm e + anmb(Jj) *sumr_e;
end %for j—-2
sumZm r = 2*sumZm r;
sumZm e = 2*sum e;

sigtonoise r(R,:) = (sumlm r + sumZm r)/(pi*apb(2));
sigtonoise e(R,:) = (sumlm e + sum2m e)/ (pi*appb(2));
TS r(R,:) = 10*1loglO(sigtonoise r(R,:));
TS e(R,:) = 10*1oglO (sigtonoise e(R,:));

end %$for R--1

end
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% sph rig dir

%

%

% This program determines the scattering from a rigid sphere due to a
% directional ambient noise field described by the directivity

% D(THETA) = alpha + beta*cos(THETA)"2; 0 < THETA < pi/2

% D(THETA) = alpha + gamma*cos (THETA) “2; pi/2 < THETA < pi

%

%

clear

%  ==—--DIRECTIVITY COEFFICIENTS-—~--
alpha = 0.33/75.4;

beta = 1.0/75.4;

gamma = 33.0/75.4;

R WAVENUMBER VARIABLES-—--

ka = 5.0; % nondimensional wavenumber
kamult = [16 32]; % dbservation points are at
kR = ka*kamult; % one and two boat lengths

kRka = [kR(1) kR(2) kal:

% ————=ANGLE VALUES——=-—~

nuntheta = 101;

thetamin = 0;

thetamax = pi; ,

deltatheta = (thetamax - thetamin)/ (numtheta - 1);
theta = thetamin:deltatheta:thetamax; % angle wvector

$ — PROGRAM PREPAPATICON-——-——
maxn = 15; % sum to maxn rather than infinity
ivec (0+1)=1;
epsm(0+1) = 1;
minuslvec(0+1) = 1;
n2vec (0+1) = 1;
for rn=1:maxn
ivec(n+l) = i*ivec(n);
minuslvec (n+l) = (=1)"n;
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n2vec (n+l) = 2*n+l;
epam(ntl) = 2;
end % for n—1

fact (0+1) =
for n=1:2*maxn+1

fact (n+l) = n*fact (n);
end $ n——2

for n=0:maxn
for m=0:maxn
leg fact rat (n+l,mt+l)=0;
coeff2 (n+1,m+1) =0;
coeff3 (n+l,m+l)=0;
coeffd (n+1,m+1)=0;
end % for m—-1
end % for n—3
for n=0:maxn
for m=0:n
leg fact rat (n+l,mt+l)=fact (n-m+1) /fact (n+m+l) ;
coeff2 (n+1 m+1)=2* ( (n-m+1) *fact (n+m+l+1)) / ((2*n+3) *fact (n-m+1)) ;
coeff3 (n+l,m+1) =2* ( (n+m) * (n-m) *fact (n+m+l) ) / ((2*n-1) *fact (n-m+1)):
coeff4 (n+l,m+l)=2* ((n-m) * (n-m-1) *fact (n+m+l) )/ ((2*n-1) *fact (n-m+1));
end % for m—-2
end % for n—4
coeff2 (:,0+1)=coeff2(:,0+1) /2;
coeff3(:,0+1)=coeff3(:,0+1)/2;
coeffd (:,0+1)=coeffd (:,0+1) /2;

for n=0:maxn+1
for j=0:maxnt+l
POcoeff (n+1, j+1)=0;
end % for j—-1
end % for n—5

for n=0:maxn+1
for j=n-1:-2:0
POcoeff (n+1, §+1)=1/ (J* (j+1)-n* (nt+l) ) ;
end % for j—2
end % for n—6
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$ ——-—MAIN PROGRAM---—-

$—-——-BESSEL CALL~----

[jn djn yn dyn) = bessel sph (maxn,kRka);

hn = jn + i*yn;

dhn = djn + i*dyn;

kappa 1 = ivec.*(djn(:,3).*hn(:,1)./dhn(:,3)).";
kappa 2 = ivec.*(djn(:,3).*hn(:,2)./dhn(:,3)).';

Tn = kappa 1. '*conj(kappa 1)+conj(kappa 1.')*kappa 1;

TnTj 2 = kappa 2.'*con]j(kappa_2)+conj (kappa 2.') *kappa 2;
= kappa 1.*conj(kappa 1)’

TnTn 2 = kappa 2.*conj(kappa 2);

[P0, dP0] = LegendrePnm(maxn+l,0);
% SUML

suml_l=nZ2vec*InTn 1.';
suml 2=n2vec*TnTn 2.';

% ——Theta loop—-

for k=1:numtheta
[P dP] = LegendrePnm (maxn, cos (theta(k)));
Pcos = leg fact rat.*P;

% SUM2
sum2_1=0;
sun2 2=0;
for n=0:maxn
sumZm=0;
for m=0:n
sum2m=sum2mtPcos (n+1,m+l) *Pcos (n+1,m+1l) *coeff2 (n+1,m+l) ;
end %for m—sum2
su2_l=sum2 1+TnTn_1(n+l) *sumZm;
sum2 2=sum2_2+TnTn_2 (n+l) *sumZm;
end %for n——sum?




% SUM3
sum3 1=0;
sum3 2=0;
for n=2:maxn
sun3m=0;
for m=0:n-2
sum3m=sum3m+Pcos (n+1,m+1) *Pcos (n-2+1,m+1) *coeff3 (n+l,m+1) ;
end %for m——sum3
sun3d l=sum3 1+TnTj_1(n+l,n-2+1) *sum3m;
sum3 2=sum3 2+TnTj 2 (n+1,n=-2+1) *sum3m;
end %for n—sum3

% SUM4
sumd 1=0;
sund 2=0;
for n=1:maxn
sumdm=0;
for m=0:n-1
sumédm=sumdm+Pcos (n+l,m+1) *Pcos (n+1,m+1) *coeff4 (n+1,m+l) ;
end %for m——sumd
sund l=sumd 1+TnTn 1 (n+1) *sumdm;
sund_2=sumd 2+TnTn 2 (n+1) *sumdm;
end %for n——-sumd

% SUMS
sumS 1=0;
sumd_2=0;
for n = l:maxn
for j = n-1:-2:0
sumbme=0;
for m=0:7
POterm=P0 (n+1+1,m+1) *dPO (j+1+1,m+1) =dPO (n+1+1, m+1) *PO (§+1+1,m+1) ;
mcoeff=epsm (m+l) * (n-m+1) * (j~mt+1) ;
sumSm=sumom+Pcos (n+1, m+l) *Pcos (§+1,m+1) *mcoef £*POterm;
end $for m——sum5
sumb 1 = sumS_l+sumSm*TnTj_1 (n+l, j+1) *POcoeff (n+1+1, j+1+1) ;
sumdS 2 = sumS_2+sumSm*TnTj_2 (n+l, j+1) *POcoeff (n+1+1, j+1+1);
end %for j——sumdS
end %for n——sumS

i
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% SUM6
sumb_1=0;
sumb_2=0;
for n = 2:maxn
for j = n-1:-2:1
suméem=0;
for m=0:3-1
POterm=P0 (n+1+1,m+1) *dPO (j=-1+1,m+1) ~dPO (n+1+1,m+1) *PO (j-1+1,m+1) ;
mcoeff=epsm (m+1) * (n-=m+1) * (j+m) ;
sumem=sumom+Pcos (n+l,m+1l) *Pcos (j+1,m+1) *mcoeff*POterm;
end %for m——sum6
sumb6 1 = sum6 l+sumém*TnTj_1 (n+l, J+1) *POcoeff (n+1+1, j~1+1);
sumb 2 = sum6_2+sumém*TnTj 2 (n+l, j+1) *POcoeff (n+1+1, j-1+1);
end %for j--sum6
end %for n--sumé

% SuM7
sum/_1=0;
sum/ 2=0;
for n = l:maxn
for j = n-1:-2:0
sum’/m=0;
for m=0:3
POter=P0 (n-1+1,m+1) *dP0 (j+1+1,m+1) -dPO (n-1+1,m+1) *PO (J+1+1,m+1) ;
mcoeff=epsm (mt+l) * (n+m) * (j~mt+l) ;
sum/m=sumim+Pcos (n+l,m+1) *Pcos (j+1,mt+l) *mcoef £*POterm;
end %for m--sum’/
sum7_1 = sum7_l+sum/m*TnTj_1 (n+1, j+1) *POcoeff (n-1+1, j+1+1);
sum/ 2 = sum7_2+sum/m*TnTj_2(n+l, j+1) *POcoeff (n~1+1, j+1+1);
end %for j-—sum?
end %for n—sum?

% SUM8

sum8 1=0;

sum8 2=C;

for n = 2:maxn
for j = n-1:-2:1
sum8m=0;
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for m=0:3-1
POterm=P0 (n-1+1,m+1) *dP0 (j~1+1,m+1) -dPO (n-1+1,m+1) *PO (J-1+1,m+1) ;
mcoeff=epsm (mt+1) * (n+m) * (j+m) ;
sumBm=sum8m+Pcos (n+1,mt+1) *Pcos (j+1,m+l) *mcoef£*POterm;

end %$for m——sum8

sun8 1 = sum8 l+sumBm*TnTj_1 (n+l, j+1) *POcoeff (n-1+1, 3-1+1);

sum8 2 = sum8_2+sum8m*TnTJj_2 (n+l, j+1) *POcoeff (r-1+1, j-1+1);

end %for j——sum8
end %$for n--sum8

pl l=suml 1;

pl 2=suml 2;

p2 1=(sumZ2 l+sum3 l+sumd 1);

p2 2=(sum2_2+sum3 2+sumd_2);

p3 1=(sum5 l+sum6_l+sum?7_l+sumB 1) ;

p3 2=(sum5 2+sumf_2+sum/_2+sum8 2);
Pressurel (k) =4*pi*alpha*pl 1+2*pi* (betatgamma) *p2 1+2*pi* (beta—-gamma) *p3_1;
PressureZ (k) =4*pi*alpha*pl 2+2*pi* (pbetatgamma) *p2 2+2*pi* (beta-gamma) *p3 2;
end % for theta

pn=2*pi* (2*alpha+ (1/3) * (betat+gamma)) ;
TS1=10*10gl0 (Pressure/pn) ;
TS2=10*10gl0 (Pressure2/pn) ;
TS(1,:)=TS1;

TS(2, :)=TIS2;

end
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